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Let S,,, and S, denote the sequential fan and Arens’ space, respectively. In this paper, we shall 
prove the following main results. (1) If n’y=, X, contains a copy of S, (S2), then some I]:“, X, 
contains a copy of S, (S, or S,, respectively). (2) Let f: X + Y be a closed map such that any 
f-‘(y) contains no closed copy of S, (S,). If X contains a closed copy of S, (S), then Y contains 
a closed copy of S,,, (S, or Sz, respectively). 
As applications of (1) and (2), we shall consider the FrCchet or strongly Frechetness, or 
sequentiality of products of finitely or countably many spaces. 
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1. Introduction 
We shall recall two canonical quotient spaces S, and S2. These spaces are 
well-known, and respectively called the sequential fan and the Arens’ space. 
Let T, = {a,,: n E N} be a sequence converging to cog T, and let each T, (n E N) 
be a sequence converging to a, & T,,, where N is the natural number. Let T be the 
topological sum of {T,, u {a,,}: n E N}. Then S, = {co} u I,_,! {T,: n E N} is a quotient 
space obtained from T by identifying all the points a, E T to the point 00. Also, 
S,={~}uu{T,: n a 0} is a quotient space obtained from the topological sum T,, 
and T by identifying each a, E T,, with a, E T. 
A space X is called strongly Fre’chet [ 131 (= countably bi-sequential in the sense 
of E. Michael [6]) if, for every decreasing sequence {A,,: n E N} with x E A,,, there 
exists a sequence {x,: n E N} converging to the point x with x, E A,,. If the A,, are 
the same set, then such a space X is called Fre’chet. A space X is called sequential 
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if it is determined by the cover {C, : a} of all convergent sequences containing its 
limit point; that is, F c X is closed in X if and only if every F A C, is closed in 
C,. Clearly, every strongly FrCchet space is Frechet, and every Frechet space is 
sequential. We note that S, is Frechet, but not strongly Frechet, and Sz is sequential 
space, but not FrCchet. We shall recall that a FrCchet space is strongly Frechet if 
and only if it contains no copy of S, [14], and a sequential space is FrCchet if and 
only if it contains no subspace whose sequential closure is Sz [4]. 
In this paper, we shall prove the following main results. 
(A) If Hz, Xi contains a copy of S, (S,), then some ny=, X, contains a copy of 
S, (S, or Sz, respectively). 
(B) Let f: X + Y be a closed map such that any f-‘(u) contains no closed copy 
of S, (S,). If X contains a closed copy of S, (S,), then, Y contains a closed copy 
of S, (S, or Sz, respectively). 
As applications of (A) and (B), we shall consider the Frechet or strongly Frechet- 
ness, or sequentiality of products of finitely or countably many spaces. See Theorems 
2.7, 2.8 and 3.5. 
We assume that all spaces are Hausdorff, and all maps are continuous and onto. 
2. Products 
First of all we explain certain open subsets of the spaces S, and S,. 
Let T,, = {n} x N for each n E N. Then S, (S,) can be considered as the form 
{co} u N x N({oo} u {a ,,: n E N} u N x N, respectively). We denote NN the family of 
all functions from N into N. Put 
S(f) = {flu {(n, ml: m zf(n)i, 
T(f) = Hu {(n, ml: m zf(n)), 
where H = {OO}U {a,: n E N}. Then {S(f): f E NN} {T(f): f E NN} is a neighbor- 
hood basis of ~0 in S, (H in S2, respectively). 
For f; g E NN, we say that f s* g if f( n) d g(n) for all but finitely many n E N. 
Let 
b = min{lFI: F is an unbounded subset of NN}. 
Note that w < b G c = 2” and b is a regular cardinal (see [3]). 
These notations will be used throughout this paper. 
Lemma 2.1. Let K be a compact subset of X. Let {A,,: n E N} be a family of infinite 
sequences in X such that each A, converges to a point in K with A,, n K =0. Then 
there exists an injinite subsequence AL of A, such that U {AL: n E N} is a discrete 
subspace of X. 
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Proof. Let {B,: i E N} be an enumeration of {A,. . n E N} with each A, listed count- 
ably many times. Since X is Hausdorff, by induction, we can choose a point x, E Bi, 
its neighborhood Vi and a neighborhood U, of K such that Vi n U, = 0 and V,,, u 
Ui,, c U,. Let AL = A,, n {x,: i E IV} for each n E N. Then I_. {AL: n E N} is a discrete 
subspace of X. The proof is completed. 0 
The following Lemmas 2.2 and 2.3 are principal. These results will be often used. 
Lemma 2.2. Let f: SW + Y be a map and 93 be a neighborhood system off (a) in Y. 
If & = {f-‘(B) - K: B E 93, K is a jinite subset of S, - (00)) is a neighborhood basis 
of 00 in S,,,, then Y contains a copy of S,,,. 
Lemma 2.3. Let f: S, + Y be a map and 93 be a neighborhood system off(m) in Y. 
If JZZ = {f-‘(B) - K : B E 93, K is a finite subset of S, - {CO}} is a neighborhood basis 
of ~0 in S2, then Y contains a copy of SW or S2. 
The proofs of these two lemmas are quite similar, so we prove only Lemma 2.3. 
Proof of Lemma 2.3. First we show that we can assume that the restriction off on 
the set IJ {T,,: n E N} is one-to-one, and IJ { f( T,): n E N} is a discrete subspace of 
f(S,). We show that: 
(*) f( T,,) are infinite sets for all but finitely many n E N. 
Assume f( 7”) are finite for all n E M, where M is an infinite subset of N. Then 
T,, nf -‘f(a,) are infinite for all n E M. Choose x, E T,, nf-‘f(a,) for all n E M. Put 
TL = T,, -{x,}, and 
Then U is a neighborhood of H. Let B E 93. Then f -l(B) - U contains {x,: n E M} 
except finitely many n. 
This contradicts that & is a neighborhood basis of CO. By (*), without loss of 
generality, we can assume f( T,) are infinite sets for all n E N. 
For each n E N, put 
M,,={mE N: If(T,)nf(T,)l=w}. 
Then M,, is non-empty since n E M,,. We show M, is a finite set for each n E N. 
Assume IM,, = w for some n E N. Then f( T,,) contains an infinite set {y,: m E M,,} 
with ymcf(T,). Since f(T,,,) converges to f(a,) for every mEM,,, f(a,,)=f(a). 
Therefore {y,: m E M,,} converges to f(w). Choose x, E T,,, nf --‘(y,,,). Put TL = 
T,,, -{x,} for each m E M,, and 
V=HuU{Tk: mEM,,}uU{T,,: HEN-M,}. 
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Then V is a neighborhood of Ii. Let BE 93’. Then there exists nOE N such that 
{Y,: m 2 n,, m E M,,} c B. Therefore 
{-%I : m~n,,mEM,,}cf~‘(B)-V. 
This is a contradiction since & is a neighborhood basis of 00. 
Since M,, is finite and f ( T,,) is infinite for each n E N, by induction, we can choose 
an infinite subset M of N and an infinite subsequence Tk of T,,, for each m E M 
such that 
is one-to-one, and j( Tk) nf( H) = 0. 
Moreover, by Lemma 2.1, we can assume IJ {f( Tk): m E M} is a discrete subspace. 
Since {co} u {a m: m E M} u IJ { Tk: m E M} is homeomorphic to Sz, without loss of 
generality, we can assume M = N. 
Case 1. {f(a,): n E N} is an infinite subset of Y. 
Choose an infinite set {a ,,: n E L} such that f is one-to-one on the set. We show 
that f({co} u {a,,: n E L} u U {T,,: n E L}) is homeomorphic to &. To show this it is 
enough to show that, for each finite subset K,, of f( T,), f(a) g IJ {K,,: n E L}. 
Put 
W=HuU{T,-f-‘(K,): n~L}uu{T,: HEN-L}. 
Then W is a neighborhood of H in S,. Choose BE 93 and a finite set K c S, such 
that f-‘(B) - K c W. Then (B -f(K)) n (U {K,: n G L}) = 0. Hence f(a) E 
u {K,: n E L}. 
Case 2. There exists an infinite subset L of N such that {f(a,): n E L} is a finite 
set. 
We can assume that f(a,) =f(co) for each n E L. Then f(a) u IJ {f( T,): n E L} is 
homeomorphic to S,. To show this it is enough to show that: 
For each finite subset K, of f( T,,), f(a) @ IJ {K ,,: n E L}. The proof is similar to 
Case 1, so we omit it. The proof is completed. 0 
Now, the product of 2” copies of the unit interval (the real line) contains a copy 
(closed copy) of S, and S2, since S, and S, are completely regular (real compact, 
respectively). 
Concerning the product fl,,, X, of spaces X,, T< b, we have 
Theorem 2.4. Let {X, : a < T} be a family of spaces, where r < b. If n,,, X, contains 
a copy of S, (S,), then there exists K < r such that n,,, X, contains a copy of SW (SW 
or S, , respectively). 
Proof. We first prove the case when n,,, X, contains a copy of &. We assume 
SZCrI,<r X,. Let 9 be the collection of all finite subsets of [0, T). Suppose that, 
foranyFE9,noflatF X,containsacopyofS,~rS,.Letrr,:~,,~X~-+~~~~X, 
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be the projection for each FE 9. Then by Lemma 2.3, for each FE 9 there exists 
some fF E NIV such that Sz n rE’( U) - T(f ) . F IS infinite for all neighborhoods U of 
rTTF(m). Since T < b, there exists some g E NN such that& s* g for each FE 9. Since 
T(g) is a neighborhood of ~0, there exists FE 9 and W open in natF X, with 
rrF’( W) n S2 c T(g). But Sz n rTT;‘( W) - T(f;) is finite, which contradicts our choice 
of fF. 
Next we prove the case when X contains a copy of S,. The proof is similar to 
the above case. In fact, replace T(f) in the above proof by S( f ). Then using Lemma 
2.2 instead of Lemma 2.3 we can get the conclusion. The proof is completed. 0 
Corollary 2.5. Let {X,,: n E N} be a family of spaces. If fly=, X,, contains a copy of 
S, (S,), then there exists m E N such that nr=:=, X, contains a copy of S, (S, or Sz, 
respectively). 
Lemma 2.6. (1) A (regular) Frechet space is strongly Frechet if and only if it contains 
no (closed) copy of S, [14] ([16], respectively). 
(2) Let X be a regular space in which every point is G8. Then a sequential space X 
is Frechet if and only if it contains no (closed) copy of S2 [16]. 
Theorem 2.7. Let (X, ( 2 2 for infinitely many n E N. Then flz=, X,, is Frechet if and 
only if it is strongly Frechet. 
Proof. The “if” part is trivial. We show “only if” part. Assume nT=:=, X,, is FrCchet 
but not strongly Frechet. Then it contains a copy of S,,, by Lemma 2.6. Then, by 
the Corollary 2.5, some fli=, X,, contains a copy of S,. But nE=, X, x(0, l}” is 
Frechet since it is considered as a subset of a Frechet space fly=‘=, X,. While, (0, 1)” 
contains an infinite convergent sequence. Thus, by the proof of [6,4.D.5], nE=, X, 
is strongly Frechet. This is a contradiction. 0 
Theorem 2.8. Suppose that each X,, (n E N) is a regular space in which every point is 
G,. Then the following (1) and (2) hold. 
(1) Let each Hi=, X,, be strongly Frechet. Then ny=‘=, X,, is strongly Frechet ifund 
only if it is sequential. 
(2) Let each nE=, X, be sequential. Then nr=‘=, X,, is sequential ifand only ifit is 
strongly Frechet, or all but finitely many X,, are countably compact. 
Proof. (1) The “only if” part is clear. We show the “if” part. Since each Hi=, X, 
is strongly Frechet, it contains no copy of S, or Sz. But nr=:=, X, is a sequential 
space in which every point is Gs. Thus nT=‘=, X, is strongly Frechet by Lemma 2.6 
and Corollary 2.5. 
(2) “If”. Suppose that all but finitely many X, are countably compact. Since 
each countable product of countably compact sequential spaces is countably compact 
sequential [7, Theorem 4.51, ny=, X,, is the product of sequential space and a 
countably compact sequential space. Then, nT<, X,, is sequential by [2]. 
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“Only if”. Suppose that any of infinitely many of X,, is not countably compact. 
Then nr=, X, contains a closed set Y, = Hi=, X,, x N” for each k E N. Since Yk is 
sequential and each point of n:=, X,, is G6, by Proposition 2.4 and Lemma 2.1 in 
[15], each Hi=, X,, is strongly Frechet. Then nz=‘=, X, is strongly Frechet by the 
“only if” part of (1). Cl 
Remark 2.9. (1) We note that there exists a regular, countable space X (hence, 
each point is Ga) such that X” is not strongly Frtchet (sequential) even if each X” 
is strongly Frechet under Martin’s axiom (sequential); see [5] ([15], respectively). 
(2) We don’t know whether the point G,-ness of the X,, is essential in the 
non-trivial part of (1) of Theorem 2.8, but in (2) the point G,-ness of X,, is essential. 
Indeed, let X be the topological sum of infinitely many copies of the compact, 
sequential, non-Frechet space +* in [4; Proposition 5.41. Since X is locally compact, 
X” is a k-space (see, Chapter III, § 2 in [l]). To show X” is sequential, let C be 
any compact subset of X”. Then K = n(C) is compact sequential, where 7r : X”’ + X 
is the projection. Hence K” is sequential by [7: Theorem 4.51. Then, since C c K”, 
C is sequential. Hence X” is a k-space whose any compact subset is sequential. 
Then X”’ is sequential. However, X is neither strongly Frechet nor countably 
compact. Thus the “only if” part of (2) doesn’t hold. 0 
Now, under (CH) there exist spaces X and Y such that X x Y contains a closed 
copy of S,, but neither X nor Y contains a copy of S, [9]. However we have the 
following theorem. 
Theorem 2.10. Let X be afwst countable space. If Z = X x Ycontains a copy of S, (S,), 
then Y contains a copy of S, (S, or Sz, respectively). Moreover, if Z contains a closed 
copy of SW (S,) then Y contains a closed copy of SW (S, or S2, respectively). 
Proof. First we shall prove the case when Z contains a copy of Sz. Assume S2c Z. 
Let cc = (x, y) E Z, and { U,,: n E N} be a decreasing neighborhood basis of x in X. 
Put TL = ( U, x Y) n T,,, and S’ = H u lJ {T’,: n E N}. Then S’ is homeomorphic to 
S2, and moreover if S, is closed in Z, then S’ is closed in Z. Therefore without loss 
of generality we can assume S2 = S’, hence T~( T,,) c U,, for each n E N. Now, for 
each f E NN there exist an neighborhood w, of y in Y and n(f) E N such that 
~~(Un(.~)xWf)nSz= T(f). 
For each n E N, let G, = {f E NN: n(f) = n}. Then NN = u {G,: n E N}. So, there 
exists G,, such that if f E NN, f G* g for some g E G,,, . The mapping 7~~ 1(V,,, X Y) n 
Sz essentially satisfies the assumptions of Lemma 2.3. Thus Y contains a copy of 
S, or &. 
In the case when S, is closed in Z, U,,, x Y n S2 is closed in Z. So, without 10~s 
of generality we assume S2 = {U,, x Y) n S2. In view of the proof of Lemma 2.3, 
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we can assume that the restriction of rrTTy on the set IJ {T,,: n E N} is one-to-one. 
Let K, be a finite subset of T,,, We show that 
(*I if t~El,_{rr~(K,): nEN}-U{rTTy(K,): nEN}, 
then (x, v) E IJ {K,: n E N}. 
Let U x V be a neighborhood of (x, v). Choose U, such that U, c U. Then rrx (K,) c 
U for each m 2 k. On the other hand (X x V) n (IJ {K,: n E N}) # 0 for infinitely 
many K,. This shows ( U x V) n (IJ {K,: n E N}) # 0. The proof of (*) is completed. 
To show gTTy(SJ is closed in Y, let v E T~( S,) - rry(Sz), and V be a neighborhood 
ofuin Ysuchthat VnrTTy(H)=O.PutJ,,=Vnry(T,)foreachnEN.Theneach 
J,, is finite. Let K, = ny’(J,,) for each n E N. Since 2, E IJ {Jn: n E N} - IJ {J,,: n E N}, 
by (*), (x, u)~u{K: n E N} -U {K,: n E N}. This is a contradiction. Hence Y 
contains a closed copy of S, or S,. 
For the case when Z contains a copy of S,, the proof can be done analogously 
in the above case, so we left it to the reader. The proof is completed. 0 
3. Closed maps 
Theorem 3.1. Let f: X + Y be a closed map such that any f -l(y) contains no closed 
copy of SW (S,). If X contains a closed copy of S,,, (S,), then Y contains a closed copy 
of S, (S, or Sz, respectively). 
Proof. Suppose that X contains a closed copy of S,. We can assume X = S,. Put 
K =f-‘(f(cO))nl._J{T,: nEN}. 
Then K does not contain a point ~0, otherwise f -‘(f(a)) contains a copy of Sz. 
So there exists some neighborhood U of cc with f -‘( f (co)) n U n IJ { T,, : n E N} = 0. 
Since U n S2 is homeomorphic to Sz, we may assume f -‘( f (co)) n U { T, : n E N} = 0. 
For each g E NN, S, - T(g) is closed in S2. Since f is closed, f( S, - T(g)) = 
f(S,-T(g)). Sof-‘(Y-f(S,-T(g))) is a neighborhood of ~0 contained in T(g). 
Then Y contains a closed copy of S, or S2 in view of Lemma 2.3. 
For the case when X contains a closed copy of S,, the proof is similar, so we 
left it to the reader. The proof is completed. 0 
Recall that a space is of pointwise-countable type [ 11, if it has a cover of compact 
sets of countable character. Here, a compact set K in X is of countable character 
if there exists a countable neighborhood basis of K in X. Every locally compact 
space and every first countable space are of pointwise-countable type. 
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Corollary 3.2. Let X be a space of pointwise-countable type. If X x Y contains a closed 
copy of S, (S,), then Y contains a closed copy of S, (S, or Sz, respectively). 
Proof. We assume X x Y contains a closed copy of Sz. Let C be a compact set of 
countable character in X containing rx (00). Let f: X + X/C be the obvious map. 
Then g = f x lx is a perfect (hence, closed) map from X x Y onto X/C x Y. Then, 
in view of the proof of Theorem 2.1, Xl C x Y contains a closed copy of S, or S, 
containing g(c0). But X/C has a countable neighborhood basis of f(a) = [Cl. 
Thus, in view of Theorem 2.10, Y contains a closed copy of S, or S,. 
For the case when XX Y contains a closed copy of S,, the proof is similar to 
the above. 0 
Remark 3.3. In the previous corollary, the closedness of the copy is essential. Indeed, 
completely regular spaces S, and S, are considered as a subset of the product of 
the unit interval I and a compact space I’. But Z contains no copy of S, and no S2. 
Corollary 3.4. Suppose that X is a non-discrete sequential space of pointwise-countable 
type. Then X x Y contains a closed copy of S2 if and only if Y contains a closed copy 
of S, or Sz. In particular, tf X is first countable, then the closedness of the copy can 
be omitted. 
Proof. The “only if” part follows from Corollary 3.3 and Theorem 2.10. 
“If”. Since a sequential space X is not discrete, X contains an infinite sequence 
{x,: n E N} converging to a point x E X. If Y contain a (closed) copy of S,,,, then 
X x Y contains a (closed) subset {(x, ~0)) u {{x,} x (T” u {co}): n E N} which is 
homeomorphic to Sz. Hence X x Y contains a (closed) copy of Sz. 0 
Not every product of strongly FrCchet spaces X and Y is Frechet. Indeed, Simon 
[12] or Olson [lo] showed this by the following case (a) or (b) respectively. 
(a) X and Y are compact Frechet (hence, strongly Frechet by [lo]) spaces. 
(b) (2”0<2”1) X and Y are regular, countable strongly FrCchet spaces. 
Theorem 3.5. Suppose that rx : X x Y + X is a closed map such that X and Y are 
regular, strongly Frechet spaces. 
(1) X x Y is Frechet if and only if it is strongly Frechet. 
(2) Let each point of X and Y be Gs, Then X x Y is sequential if and only ifit is 
strongly Fre’chet. 
Proof. The proof of (1) is similar to that of (2), so we prove (2). The “if” part is 
clear. To show the “only if” part, suppose that X x Y is not strongly Frechet. Since 
X x Y is a sequential space in which every point is G,, by Lemma 2.6, it contains 
a closed copy of S,,, or Sz. But, since each TX’(X) is strongly FrCchet, it contains 
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no closed copy of S, and no S,. Thus, by Theorem 3.1, X contains no closed copy 
of S, or Sz. However, since X is strongly Frechet, this is a contradiction. 0 
Theorem 3.6. Let f: X + Y a map with X sequential. Then the following (1) and (2) 
hold. 
(1) Let f be quotient with each f-‘(y) countably compact. Zf Y contains a closed 
copy of SO, then X contains a closed copy of S, or Sz. 
(2) Let f be closed. If Y contains a closed copy of Sz, then so does X. 
Moreover, if Y is regular, then the closedness of the copy in the hypothesis of (1) 
and (2) can be omitted. 
Proof. (1) We assume Y contains a closed subset S,. Since each f -‘(T,, u(a)) is 
closed in X, it is sequential. But, since f is quotient, each f -‘( T,) is not closed in 
f-‘(T,,u{a}). Th us there exists a sequence A, in f-‘( T,,) converging to a point 
x, E f -‘(co) for each n E N. Since each f(A,,) . IS infinite, we can assume that the 
restriction off on the set U {A,,: n E N} is one-to-one. 
Case 1. {x,: n E N} is a finite set. 
There exists an infinite subset M of N such that x, (m E M) are the same point, 
say x, = a. Put F = {a} u U {A,: m E M}. Then S = f (F) is closed in S, and it is 
homeomorphic to S, . First, we show F is closed in f -l(S). Let x E f -l(S) - F. Then, 
since x # a, there exist disjoint neighborhoods V(x) and V(a) of x and a in f -l(S) 
respectively. If f(x) =f(x’) for some X’E u {A,: m E M}, put W(x) = V(x) n 
(f -‘f (x) -{x’>), otherwise Put W(x) = V(x) -f -‘f(C), where c= 
U {A,: m E M} - V(a). Then W(x) is a neighborhood of x in f-‘(S) such that 
W(x) n F =@ Hence F is closed in f-‘(S). Then, since F is closed in X, F is 
sequential. Next we show F is determined by {A, u {a}: m E M}. To show this, let 
A be not closed in F. Then there exists an infinite sequence B = {b,: n E N} in A 
converging to a point b & A. If any B n A,,, is finite, then there exists a convergent 
sequence which meets infinitely many T,. This is a contradiction. Then some B n A, 
is infinite, hence a = b. Then B n (A,,, u {a}) is not closed in A,,, u {a}. Thus F is 
determined by {A, u {a}: m E M}. This shows that F is homeomorphic to S,. 
Case 2. {x,: n E N} is an infinite set. 
There exists an infinite sequence {x, : m E M’} in {x, : n E N} converging to a point 
a’Ef -‘(a), because f-‘(a) is countably compact and sequential, hence as is 
well-known, sequentially compact. Let LO = {x ,:m~M’}u{a’},andletL,=A,u 
{x,} for m E M’. Put F’= L,u U {L,: m E M’}. Then, by the same way as in Case 
1, F’ is a closed subset of X, hence it is determined by {L,,} u {L,: m E M’}. Thus 
F’ is homeomorphic to S,. Therefore, X contains a closed copy of S,,, or S2. 
(2) We assume Y contains a closed subset S2. Then for each n E N, there exists 
a sequence A,, in f -‘( T,,) converging to a point x, E f -‘(a,). Since f is a closed 
map with lim f (x,) = 00, obviously {x,: n E N} has an accumulation point in X. 
Then, since X is sequential, there exists an infinite sequence {x,: m E M} in {x,: n E 
N} converging to a point x E X. Let LO = {x m: mEM}u{x}, and L,=A,u{x,} 
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for m E M. Put F = L,u U {L,: m E M}. Then, by the same way as in (l), F is 
homeomorphic to S,. Thus X contains a closed copy of S2. 
For the later part of the theorem, we note Y is sequential, hence t( Y) < w. Then, 
by the later Corollary 3.9, we can assume Y contains a closed subset S, (or S,). 
Then the assertion holds by the above arguments. 
From Theorems 3.1 and 3.6, we have 
Corollary 3.7. Let f: X + Y be a quasi-perfect map with X sequential. Then X contains 
a closed copy of S, or S2 if and only if so does Y. 
In concluding this section, we would like to consider the closedness of a copy of 
S, or Sz. 
For x E X, let 
t(x, X) = min{r: if x E A, then x E fi for some B c A with [BI G r}, 
t(X)=sup{t(x, X): XEX}. 
t(x, X)(t(X)) is called the tightness of x in X (the tightness of X, respectively). As 
is well-known, every sequential space X has countable tightness; that is t(X) c w. 
Theorem 3.8. Let X be a regular space such that X contains a dense subspace which 
is homeomorphic to S, (SJ. Then the following (l)-(3) are equivalent. 
(1) t(Co, X) s w. 
(2) t(Oo, X) < b. 
(3) There exists f E NN such that S( f )( T( f ), respectively) is closed in X. 
Proof. Since w <b, (1) implies (2). We show (2) implies (3). 
Assume T(f) is not closed in X for any f E NN. 
Put 
A(f) = Sz - T(f ). 
We first show 
Let U be a neighborhood of ~0 in X. Choose an open set V in X such that 
Oo3E vc Vc u. Put 
M = {n E N: a, @ V}. 
Then, since lim a, = CO, M is a finite set. 
Put 
W= Vu{a,: nEM}uU{T,: nEM}. 
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Then W n S, is a neighborhood of H in S,. Choose T(g) such that 
Hc T(g)c Wn&. 
Since T(g) is not closed in X, we have T(g) - T(g) # 0. Note that 
T(g) - T(g) = v. 
Choose x E T(g) - T(g), a neighborhood 0 of x and h E NN such that 0 n T(h) = 0 
(this is possible since H is compact). Then x E 0 c S2 - T(h). 
Then x~A(h)-A(h), therefore (A(h)-A(h))n U#B. This shows 
~0 E U {A(f) -A(f): fc NN1. 
Since t(~o, X) < b, we have {x,: (Y E a} such that IRI < b, 
{x,: a E fl} c t_, {A(f) - A(f): j-~ NN) 
and 
Choose fa E NN such that x, E A(fm) -A(f,). Since InI < b, there exists k E NN 
satisfying fa s* k for every LY E R. Then each A(J;,) is contained in A(k) except 
finitely many elements. Therefore 
AK) - AU,) c A(k). 
Let P be a neighborhood of ~0 in X such that P n S2 = T(k). Then 
Pn{x,: aEfl}c Pn(U{A(f,)-A(f,): a~f2)) 
c PnA(k)=0. 
This contradicts to cc E {x, : a E 0). 0 
Next we show (3) implies (1). We assume T(f) is closed in X. Let AC X and 
00 E A - A. We show that there exists B c A such that 00 E fi and II?1 s w. If cc E A n S2, 
then put B = A n S,. Therefore we prove the case when A c X - S2. Then 
AcX=$=(S,-T(f))uT(f)=(S,-T(f))uT(f). 
Since A n T(f) c An S2 = 0, we can assume 
AC S2- T(f). 
Let U be a neighborhood of cc in X such that 
U n S,= T(f). 
Then U n A = 0. This contradicts to co E A. The proof is completed for the case S2. 
For the case of S,, the proof is an easy modification of the case Sz, so we left it 
to the reader. 0 
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Corollary 3.9. Let X be a regular space with t(X) c w. If X contains a copy of 
S, (S,), then it contains a closed copy of S,,, (S,, respectively). 
In [ll], it is shown that the compact, sequential, non-Frechet space Q* contains 
no copy of S,. Concerning compact sequential spaces (more generally regular 
countably compact spaces with countable tightness), we have 
Corollary 3.10. Let Y be a regular, countably compact space with t( Y) < w. Then the 
following (1) and (2) hold. 
(1) Y contains no copy of S, and no S,. 
(2) Let X be a sequential space in which every point is G,. lf X can be embedded 
in Y, then X is strongly Frechet. In particular, if X is the closed image of a metric 
space, then X is metrizable [8]. 
Proof. (1) Since Y is countably compact, it contains no closed copy of S, and no 
Sz. Then (1) follows from Corollary 3.9. 
(2) The first half follows from (1) and Lemma 2.6. Thus, the latter half follows 
from [6, Corollary 9.101. IJ 
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